Area under the curve (U.H. video #21)

http://online.math.uh.edu/HoustonACT/videocalculus/SV3/21-area.mov

Convenient Choices of z;
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Example f(z)=2"on[0,1]. n=10 Azr=q;
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Example f(z)=1/2 on|[1,3]
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Example f(z)=1/x on[1,3].
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Lower and Upper Sums

inscribed rectangles
“Lower sum”

La

circumscribed rectangles
“Upper sum" §

Un
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Observations: L < Area < WA, forall m and n
Uniform grid L, < L, < Area < U2n < WU, forall n
= = _ Area < - < Ui SUs S U

Foreachn, L, < S, < WU, forevery S,
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Example f(z)=cosz on [0, ). Az = X

Right-endpoint approximations
are lower sums
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Example f(z)=cosz on[0,5]. Az=£

Left-endpoint approximations
are upper sums

Right-endpoint approximations
are lower sums
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A Special Choice of

s Since cos is the derivative of

- Z cos(#;) Az sin, the mean-value Atheorem
im1 says we can choose ; so that

sin xi — sin Ei-1

cos(z;) = =
e
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A Special Choice of i;

Since cos is the derivative of
- Z cos(#;) Az sin, the mean-value Atheorem
e says we can choose Z; so that

sinx; —sinx;_

L1 Z sinz; —sinz;_, ™ cos(i;) = =
n/(2n 2n ¥
/(@n) B sinx; —sinx;_
= Z (sinx; —sinz;_) m/(2n)

= (G CE) + (gt st + (e 5t + -
+(5inzn)- sinei)

= sinx, — sinxg

=sing——sin0 =1—-0 =1

Therefore, the exact area is 1.
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What the last example illustrates (a preview of things to cone)

Suppose that f(z) > 0 for all x in [a, b] and we want to find the area
under its graph over [a,b|. If f(x) = F'(x) for all z in [a, b], then

choosing ; so that

f(g) = D)= L) ey

Az

results in
S, =) (F(z:) — F(zi-1)) = F(zn) — F(zo) = F(b) — F(a).
t=1

So
L, <F@®)-F(a) < WU, for all n.

Therefore, the exact area is F(b) — F(a).

Example f(z)= 2 on [0,1].

Since z? is the derivative of a°, 1

13 =1
30°=3.

the area under the curve is % 13 —

02 04 06 08 |
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Is this not integration?



